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ABSTRACT: Theories containing infinite number of higher spin fields require a particu-
lar definition of summation over spins consistent with their underlying symmetries. We
consider a model of massless scalars interacting (via bilinear conserved currents) with
conformal higher spin fields in flat space. We compute the tree-level four-scalar scattering
amplitude using a natural prescription for summation over an infinite set of conformal
higher spin exchanges and find that it vanishes (modulo delta-function terms having sup-
port on measure-zero domain in phase space). Independently, we show that this vanish-
ing of the scalar scattering amplitude is, in fact, implied by the global conformal higher
spin symmetry of this model. We also discuss one-loop corrections to the four-scalar scat-
tering amplitude.
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1 Introduction
Higher spin theories containing infinite number of particles pose a challenge of how to
define them at the quantum level in a way consistent with their large amount of symmetry.
One particular issue is how to treat sums over infinite number of spins. This question
was recently addressed on examples of simplest higher spin partition functions in [1]
following [2–8].
Our aim will be to study this issue in the context of S-matrix of scalars interacting
via exchange of an infinite set of higher spin fields. This is an analog of the Veneziano
amplitude in string theory where the infinite tower of exchanged fields are massive. This
set-up was originally discussed in [9] where a tree-level scalar scattering amplitude with
standard massless higher spin particles exchange was considered. Since an interacting
theory of massless higher spin particles ought to be not well-defined in flat space (cf. [10–
12]) the computation of [9] is, however, hard to embed into a consistent theory.
Here instead we shall consider a model where the scalars interact through exchange
of a tower of conformal higher spin fields. Conformal Higher Spin (CHS) theories are gen-
eralisations of d = 4 Maxwell (s = 1) and Weyl (s = 2) theories that describe pure spin
s states off shell, i.e. have maximal gauge symmetry consistent with locality at the ex-
pense of having higher-derivative kinetic terms [13] (see also [7, 14–17]). In contrast to
the two-derivative massless higher spin theory, the CHS theory (that can be defined at
the full non-linear level as the UV singular local part of the induced action of free scalars
with higher spin background fields coupled to all conserved spin s scalar currents [15–
17]) may be viewed as a formally consistent (but a priori non-unitary) interacting gauge
theory when expanded near flat space.
To introduce a particular model which we shall study in this paper, let us first recall
the basics of vectorial AdS/CFT duality (see, e.g., [6, 8, 18]). Consider a free CFTd of N
complex scalar fields
S =
∫
ddx ~χ∗ · ∂2~χ , (1.1)
with primary conformal operators being on-shell-conserved traceless currents Jµ1...µs of
dimension ∆ = d− 2+ s. The latter are bilinear U(N) singlets (see [19])
Js(~χ) = ~χ∗ · Js ~χ ∼ ~χ∗ · ∂s ~χ , s = 0, 1, 2, . . . , (1.2)
where Js is an appropriate differential operator. Introducing source fields hs(x) for all
Js and integrating out ~χ , one gets a generating functional for connected correlators of all
currents
Γ[h] = N log det(−∂2 +∑
s
hs Js) . (1.3)
The d-dimensional fields hs may be viewed as gauge fields for the symmetries of the free
classical scalar theory with linearised differential and algebraic (“trace shifting”) symme-
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tries generalising the reparametrization and Weyl symmetry of the Weyl gravity. They
can thus be identified with the CHS fields.1
The same functional Γ[h] (1.3) should follow from the Vasiliev’s massless higher spin
theory [20–22] in AdSd+1 upon integrating over the AdSd+1 Fronsdal fieldsΦs with Dirich-
let boundary conditions (Φs
∣∣
∂AdS = hs). The number of scalars N then plays the role of the
inverse coupling of the higher spin theory in AdSd+1 (appearing in front of its classical ac-
tion). All quantum (order N0, N−1, . . .) corrections to the generating functional computed
from the Vasiliev’s theory should then vanish to match the boundary theory result.2
The quadratic term in hs term of Γ[h] in (1.3) is
Γ2[h] = N ∑
s
∫
hsKshs , (1.4)
with
Ks ∼ N−1〈Js(x)Js(x′)〉 ∼ Ps |x− x′|4−2d−2s ∼ Ps ∂2s+d−4 δ(d)(x− x′) logΛ+ . . . (1.5)
where Ps is the transverse traceless projector and Λ is a UV cutoff. From now on, we
assume d is even. Thus the UV singular part of Γ2 is proportional to the collection of CHS
kinetic terms
∫
ddx hs Ps ∂2s+d−4 hs .
Suppose now we start with N + 1 scalar fields, ~χ and φ, couple them to the CHS fields
hs via the currents Js(~χ) + Js(φ) and integrate out only N scalars ~χ. The resulting effective
theory will contain the remaining scalar φ coupled to the CHS fields hs described by the
induced action, i.e.
S[φ, h] =
∫
ddx
[
φ∗∂2φ+∑
s
hs Js(φ)
]
+ Γ[h] , (1.6)
where Γ[h] = N∑s[
∫
hsKshs +O(h3)]. The UV singular local part of Γ[h]may be identified
with a non-linear CHS action [15–17]. One may then compute the S-matrix for φ due to
the exchange of the tower of all CHS fields hs. Assuming N (or the inverse CHS theory
coupling) is large we may treat self-interactions of hs in perturbation theory.
While a non-trivial S-matrix for φ is not a natural observable in the boundary CFTd
(which is a free theory from the start) this set-up is in a sense a higher spin theory analog of
the computation of the 4d gluon S-matrix from the AdS5 point of view [23] where one first
“integrates out” SU(N) gauge vectors to “build” the bulk geometry, and then considers
the scattering of extra gluons on a probe 3-brane.
In general, one may study the case when the CHS part Γ[h] of the model (1.6) is given
by either the full non-local induced action (i.e. with kinetic term Ps ∂2s+d−4 log(∂2/Λ2))
or simply its local UV singular part Ps ∂2s+d−4 logΛ. The latter choice is preferable when
1Demanding invariance under non-linear symmetries for a particular subset of fields may require intro-
ducing extra terms non-linear in hs (like in scalar electrodynamics or in covariant coupling to a curved metric).
However, being local (involving powers of hs fields at the same point), they would not change the values of
the CFT correlators of primary operators Js at separated points.
2More precisely, what should vanish are corrections to derivatives of the generating functional at sepa-
rated points.
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trying to include also self-interactions of hs: the finite part of the full induced action is a
priori anomalous, breaking the classical algebraic symmetries of the CHS fields.3 At the
same time, the local logΛ part of Γ[h] is invariant under the symmetries of the CHS theory
[16, 17].
In what follows we shall study the model (1.6) viewed as a local CHS theory interact-
ing with a free conformal scalar matter, i.e. assume that only the local part of Γ[h] defining
the CHS action S[h] is kept with coefficient κ ∼ N as the (inverse) coupling constant. Start-
ing with (1.6) and rescaling hs as hs →
√
N hs , we get
S[φ, h] =
∫
ddx
[
φ∗ ∂2 φ+∑
s
hs Ps ∂2s+d−4 hs + 1√κ
(
∑
s
hs φ∗Js φ+ h3
)
+O( 1κ h4)
]
. (1.7)
Thus at the leading 1κ order we get the four-scalar tree level diagram (Fig.1) with two
1√
κ
vertices. Here the solid line (—) stands for the scalar φ propagator and the dashed line
Figure 1. Tree-level diagram
(- - -) for all CHS propagators. We shall explicitly compute the corresponding amplitude
below.
In addition, we shall also discuss the one-loop corrections to 4-scalar scattering. An
example of such one-loop order 1
κ2
diagram is the 1-PI one (Fig.2) with four 1√
κ
vertices.
The one-loop four-scalar amplitude of order 1
κ2
receives also contributions from non-1-PI
Figure 2. Box diagram
diagrams which are the tree-diagrams in Fig.1 where the scalar legs, the CHS propagators
and the vertices get the 1κ corrections due to the scalar self-energy diagram, the CHS self-
energy diagram, and the charge-renormalization diagram.
We will start in section 2 with a description of the model of a free scalar field coupled
to a tower of CHS fields. In section 3 we will compute the tree level amplitude corre-
sponding to Fig.1 using a particular regularisation prescription for the sum over all spins.
3The anomalous part of the effective action does not, however, contribute to the correlation functions of
conformal current operators at separated points (the anomaly expressions contain at least two fields at the
same point). For example, a scalar φ coupled to the background metric gµν = ηµν+ hµν in a reparametrisation
and Weyl-covariant way (i.e. with (d−2)4(d−1) R φ
∗φ term included) has Weyl-anomalous (starting with cubic (h2)3
order) effective action but its UV divergent part ∼ (Weyl tensor)2 is Weyl-invariant to all orders.
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The resulting amplitude will have a special scale-invariant form and will vanish (modulo
delta-function terms with measure-zero support) due to the constraints of the massless
scalar kinematics.
As we shall show in section 4 this vanishing of the four-scalar amplitude is, in fact,
implied by the global CHS symmetry of the model. This will thus justify our choice of the
summation over spins prescription.
In section 5 we will consider the one-loop amplitude given by Fig.2 and similar dia-
grams limiting the computation to the local UV divergent (φ∗φ)2 contribution to it. Some
concluding remarks will be made in section 6.
In Appendix A we will review the global CHS symmetry transformations. In Ap-
pendix B we will present the explicit form of the cubic and quartic vertices in the CHS
action relevant for the computations in section 5. The transverse traceless gauge fixing
and the corresponding ghost action will be discussed in Appendix C.
2 Scalar field interacting with conformal higher spin fields
Let us start with a free complex massless scalar φ with the flat space action
Sfree[φ] =
∫
ddx φ∗ ∂2 φ . (2.1)
This free theory admits infinitely many conserved (on-shell) currents, which are traceless
due to conformal invariance. A generating function for such traceless conserved currents
may be defined using an auxiliary vector uµ as (see [19])
J(x, u) =
∞
∑
s=0
1
s!
Jµ1···µs(x) uµ1 · · · uµs . (2.2)
Here
J(x, u) = Πd(u, ∂x) J(x, u) , (2.3)
where J(x, u) is the generating function of traceful currents
J(x, u) = φ∗(x + i2 u) φ(x− i2 u) , (2.4)
and Πd is an operator mapping the traceful currents into traceless currents [9, 17]4
Πd(u, ∂x) =
∞
∑
n=0
1
n! (−u · ∂u − d−52 )n
(u2 ∂2x − (u · ∂x)2
16
)n
. (2.5)
Let us consider an infinite set of couplings of φ to external higher spin fields hs through
these currents:
Sint[φ, h] =
∞
∑
s=0
1
s!
∫
ddx Jµ1···µs hµ1···µs . (2.6)
4Here (q)n =
Γ(q+n)
Γ(q) is the Pochhammer symbol.
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Introducing
h(x, u) =
∞
∑
s=0
1
s!
hµ1···µs(x) u
µ1 · · · uµs , (2.7)
the coupling (2.6) may be written also as
Sint[φ, h] =
∫
ddx h(x, ∂u) J(x, u)
∣∣
u=0 . (2.8)
Due to the transversality and tracelessness of the currents on the scalar mass shell, these
couplings are invariant under
δlin hµ1···µs = ∂(µ1εµ2···µs) + η(µ1µ2 αµ3···µs) , (2.9)
provided φ is subject to its free equations of motion. These are linearised conformal higher
spin (CHS) transformations [13]. Off the scalar mass shell, these symmetries are deformed
to the nonlinear CHS ones [16, 17] generalising the diffeomorphism and Weyl transforma-
tions of the Weyl gravity
δCHS hµ1···µs = δlin hµ1···µs +O(h) , δCHS φ = O(φ) . (2.10)
For s = 0 the field h0 is a scalar coupled to J0 = φ∗φ, for s = 1 we get a coupling of a
vector hµ to U(1) current, and for s = 2 we get linearised metric hµν coupled to energy-
momentum tensor.5 The higher spin couplings are natural generalisations of these lower
spin couplings.
Next, we may supplement Sfree[φ] + Sint[φ, h] with the dynamical action for CHS fields
hs. The functional of hs invariant under (2.10) can be identified with the local UV divergent
part of the induced action found by integrating out some number of additional scalars
[16, 17]. The induced action (discussed already in the Introduction, see (1.3),(1.4),(1.5))
may be written as [17]
Γ[h] =
∫
dd p k(p)
(
p2
) d−4
2 G(X, Y) h˜(p, u1) h˜(−p, u2)
∣∣∣
ui=0
+O(h3) , (2.11)
where h˜(p, u) is the Fourier transform of h(x, u) in (2.7) and k(p) is a spin-independent
function
k(p) = c1 log
p2
Λ2
+ c2 . (2.12)
Λ is a UV cutoff (we omit power divergences) and c1, c2 are simple numerical constants.
The operator G(X, Y) acting on u1, u2 is given by
G(X, Y) =
∞
∑
s=0
Γ( d−32 )
24s Γ(s + d−32 ) Γ(s +
d−1
2 )
C(
d−3
2 )
s
( X√
Y
)
Y
s
2 , (2.13)
5Other standard scalar coupling terms such as hµhµφ∗ φ for electrodynamics and (d−2)4(d−1)R φ
∗ φ for Weyl
gravity can be absorbed into a redefinition of h0 .
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where C(λ)s (z) is the Gegenbauer polynomial and X and Y are differential operators de-
fined by
X = p2 ∂u1 · ∂u2 − p · ∂u1 p · ∂u2 ,
Y =
[
(p · ∂u1)2 − p2 ∂2u1
] [
(p · ∂u2)2 − p2 ∂2u2
]
. (2.14)
Keeping only the singular logΛ part of k(p) or, equivalently, replacing it by a renormal-
ized constant κ = c1 log µ2 (proportional to the number N of scalars that were integrated
out and playing the role of the overall inverse coupling constant) we may define the local
CHS action as
SCHS[h] = κ
∫
dd p
(
p2
) d−4
2 G(X, Y) h˜(p, u1) h˜(−p, u2)
∣∣∣
ui=0
+O(h3) . (2.15)
The quadratic part of (2.15) represents a collection of free conformal spin s actions [13]
SCHS,2[hs] ∼ κ
∫
ddx hs Ps ∂2s+d−4 hs , (2.16)
where as in (1.5) the operator Ps is transverse traceless projector. SCHS,2[hs] is invariant
under (2.9) and in d = 4 may be interpreted as the square of the linearised spin s analog
of Weyl tensor. The important point here is that the relative normalisation of conformal
spin s fields in the induced action are fixed by the coupling Sint[φ, h] (2.6) (other choices of
normalisation would break the CHS symmetries (2.10)).6
3 Four-scalar tree-level scattering amplitude
Given the system of CHS fields coupled to a free scalar via (2.6), we can study the simplest
four-scalar scattering process with the exchange of all CHS fields (Fig.1). This provides
an interesting example when the issue of definition of the sum over all spins becomes
important. In [9] a similar process was analysed where the exchanged particles were
the standard massless Fronsdal higher spin ones. There, the scattering amplitude was
obtained as a function of infinitely many undetermined coupling constants between the
massless higher spin fields and a scalar. In the present case all the φ−φ−hs coupling
constants are fixed up to an overall factor (the coupling constant κ−1 of the CHS theory)
and as a result the amplitude will be given by an explicit expression in terms of a sum
over spins.
3.1 Conformal spin s exchange
To compute the relevant four-scalar amplitude we start with the vertex (2.6) and consider
integrating over hs (in quadratic approximation only) while keeping φ as external fields:
〈Sint[φ, h] Sint[φ, h] 〉0
=
∞
∑
s=0
∫ dd p
(2pi)d
1
(s!)2
J˜µ1···µs(p)
〈
h˜µ1···µs(p) h˜ν1···νs(−p)
〉
0
J˜ν1···νs(−p) . (3.1)
6One can also compute the h3 term in the local CHS-invariant logΛ part of the induced action [16, 17].
Extending the construction of the non-linear CHS action to higher orders in hs appears to be technically non-
trivial and may require a new method which is non-perturbative in number of fields (see in this connection
discussions of the unfolding program for CHS fields [24–26]).
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Here J˜s are the Fourier transforms of the bilinear conserved currents in (2.2) and the free
propagators of the CHS fields are (in transverse traceless gauge)
〈
h˜µ1···µs(p) h˜
ν1···νs(−p)〉
0
=
ns
2κ s!
Pν1···νsµ1···µs(p)
(p2)s+
d−4
2
, (3.2)
where Pν1···νsµ1···µs(p) = δ
ν1···νs
µ1···µs + . . . is the projector to transverse traceless totally symmetric
tensors and κ is the overall coefficient in (2.15). Since the propagators are contracted with
traceless and conserved currents (the external scalar legs are assumed to be on-shell), all
other terms denoted by dots in Ps will drop out.
The coefficients ns in (3.2) are given by the normalisation of the quadratic part in
(2.15). That they are completely fixed is equivalent to the fact that the φ−φ−hs coupling
constants are all fixed. Explicitly, eq. (2.15) contains different tensor structures represented
by different monomials in X and Y. As we have remarked before, since the propagators
are contracted with traceless conserved currents, only traceless and transverse terms are
relevant. The Y operator contains at least one trace or divergence, so it is sufficient to
consider only the Y-independent part of the CHS action, i.e. to expand G(X, Y) in (2.13)
as
G(X, Y) =
∞
∑
s=0
Γ( d−32 )
23s Γ(s + d−12 )
Xs
s!
+O(Y) . (3.3)
As a result, one finds
ns =
23s Γ
(
s + d−12
)
Γ( d−32 )
. (3.4)
Let us represent (3.1) as a sum over spins
〈Sint[φ, h] Sint[φ, h] 〉0 = κ−1
∞
∑
s=0
ns Vs , (3.5)
where the spin s contribution is found to be
Vs =
1
2 s!
∫ dd p
(2pi)d
J˜µ1···µs(p)
1
(p2)s+
d−4
2
J˜µ1···µs(−p)
=
1
2 s!
∫ dd p
(2pi)d
1
(p2)s+
d−4
2
(∂u1 · ∂u2)s Πd(u1, i p) J˜(p, u1) J˜(−p, u2)
∣∣∣
ui=0
, (3.6)
where Πd was defined in (2.5). The Fourier transform of the traceful-current generating
function (2.4) is given by
J˜(p, u) =
∫
ddx e−i x·p φ∗(x + i2 u) φ(x− i2 u)
=
∫ ddk dd`
(2pi)2d
φ˜∗(k) φ˜(`) eu·
k+`
2 (2pi)d δ(d)(p + k− `) . (3.7)
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Using this expression we can represent Vs in (3.5) as
Vs =
1
2
∫ ddk1 dd`1 ddk2 dd`2
(2pi)4d
(2pi)d δ(d)(k1 + k2 − `1 − `2)
× φ˜∗(k1) φ˜(`1) φ˜∗(k2) φ˜(`2) As(k1, k2, `1, `2) , (3.8)
where As is the spin-s exchange amplitude (p = k1 − `1 = `2 − k2)
As(k1, k2, `1, `2) =
1
2 (p2)s+
d−4
2
(∂u1 · ∂u2)s
s!
Πd(u1, i p) e
1
2 [u1·(k1+`1)+u2·(k2+`2)]
∣∣∣
ui=0
. (3.9)
Using the explicit expression for Πd in (2.5) the resulting t-channel amplitude due to spin
s exchange is found to be
A(t)s (s, t, u) =
1
2(−4)s (−t) d−42
[s/2]
∑
n=0
1
22n n! (s− 2n)! (−s− d−52 )n
(
s− u
s+ u
)s−2n
=
1
2(−8)s ( d−32 )s
1
(−t) d−42
C(
d−3
2 )
s
(
s− u
s+ u
)
. (3.10)
Here s, t, u are the Mandelstam variables (with s+ t+ u = 0 in the present massless scalar
case) and C(λ)n (z) is the Gegenbauer polynomial.
Since the theory under consideration is conformal, the amplitude has a manifestly
scale-covariant form. In particular, in d = 4 it depends only on ratio of the Mandelstam
variables (also, in d = 4 the Gegenbauer polynomial reduces to the Legendre one).
The total summed over spins t-channel amplitude is thus given by (cf. (3.5), (3.8))
A(t)(s, t, u) = κ−1
∞
∑
s=0
ns A
(t)
s (s, t, u) = κ−1
1
2 (−t) d−42
Fd
(
− s− u
s+ u
)
, (3.11)
where the function Fd(z) is given by
Fd(z) =
∞
∑
s=0
ns
23s ( d−32 )s
C(
d−3
2 )
s (z) . (3.12)
Using the expression for ns in (3.4) , Fd(z) simplifies to
Fd(z) =
∞
∑
s=0
(s + αd)C
(αd)
s (z) , αd ≡ d−32 . (3.13)
For generic values of z , the sum over spins diverges and thus needs to be defined with a
certain regularisation prescription.
3.2 Summing over spins
In general, a particular definition of the sum over spins and thus the resulting expressions
for the scattering amplitudes should be consistent with the underlying symmetries of the
– 8 –
theory.7 We shall return to this point below but let us first proceed formally, choosing a
natural cutoff prescription to define the sum over s. Let us introduce a parameter w =
e−ε < 1 (with ε→ 0), compute the sum and then define (3.13) as a limit w→ 1
Fd(z) = lim
w→1
Fd(z, w) , Fd(z, w) =
∞
∑
s=0
(s + αd) ws C
(αd)
s (z) . (3.14)
We may write Fd(z, w) as
Fd(z, w) = w1−αd
d
dw
(
wαd
∞
∑
s=0
ws C(αd)s (z)
)
, (3.15)
and use the expression for the generating function ∑∞s=0 ws C
(αd)
s (z) = (1− 2zw + w2)−αd
for the Gegenbauer polynomials to define the regularized expression for Fd(z, w) by an
analytic continuation:8
Fregd (z, w) = αd
1− w2
(1− 2z w + w2)αd+1 . (3.16)
Notice that Fregd (z, 1) happens to vanish for z 6= 1, while for z = 1 , we get
Fregd (1, w) = αd
1+ w
(1− w)d−2 , (3.17)
which diverges as w → 1 . Thus Fregd (z) is a particular distribution with support localised
at z = 1. In fact, it is just proportional to the (d− 4)-th derivative of the delta-function,
i.e.9
Fregd (z) =
(−1)d−4
(d− 4)! δ
[d−4](z− 1) , i.e. Freg4 (z) = δ(z− 1) . (3.18)
The above regularisation of the sum over spins is essentially the same as the one used
in [1, 5, 7] in the context of higher spin partition functions. In the case of CHS theory in
d dimensions (or d-dimensional boundary theory) the sum ∑∞s=0 fd(s) was first replaced
by the convergent sum ∑∞s=0 e−ε(s+αd) fd(s) where αd = d−32 and then after taking the limit
ε→ 0 all 1εn poles were dropped.
The same result (3.18) is found also using another natural regularisation prescription
utilizing integral representation for the Gegenbauer polynomials. For simplicity, let us
7One may draw an analogy with the Veneziano amplitude in string theory where one also sums over an
infinite number of different (massive) field contributions. When computing it in string field theory context,
one would also need to choose a particular summation over modes prescription. This prescription is selected
automatically in the first-quantised world sheet approach in which the 2d conformal invariance and the
associated space-time symmetries are built in.
8The radius of convergence of the series in w is not greater than 1 (it is 1 when |z| < 1 and e−x when
|z| = cosh x ≥ 1) so the direct evaluation of Fd(z, 1) gives a divergent expression.
9Starting with (3.16) and changing the variables z = x + w, e2 = 1− w2 we get Fregd (x, e) = αd e
2
(x2+e2)αd+1
.
As a result, Fregd (z) = lime→0 F
reg
d (x, e) =
(−1)d−4
(d−4)! δ
[d−4](x) .
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focus on the d = 4 case where (3.13) reduces to
F4(z) =
∞
∑
s=0
(
s + 12
)
Ps(z) . (3.19)
Here Ps = C
(1/2)
s is the Legendre polynomial. The idea is to use the integral representation
Ps(z) =
1
pi
∫ pi
0
dx
(
z +
√
z2 − 1 cos x
)s
, (3.20)
and interchange the summation over s with the integration. Performing first the sum we
find the following integrand
∞
∑
s=0
(
s +
1
2
) (
z +
√
z2 − 1 cos x
)s
=
z + 1+
√
z2 − 1 cos x
2 (z− 1+√z2 − 1 cos x)2 . (3.21)
Here we have also used an analytic continuation since for any x ∈ [0,pi] , there exists such
z that the series is divergent. Performing the x-integral we get
Freg4 (z) =
1
pi
∫ pi
0
dx
z + 1+
√
z2 − 1 cos x
2 (z− 1+√z2 − 1 cos x)2 = δ(z− 1) , (3.22)
i.e. the same result as in (3.18).
3.3 Total amplitude in d = 4
In the case of a complex scalar scattering φ φ → φ∗ φ∗ in d = 4 one finds the total ampli-
tude by adding the t-channel and the u-channel contributions following from (3.11) and
(3.18), (3.22)
Aφφ→φ∗φ∗ =
κ−1
4
[
δ
( s
t
)
+ δ
( s
u
)]
. (3.23)
This unfamiliarly looking amplitude actually vanishes for physical momenta due to mass-
less kinematics. Indeed, choosing the c.o.m. frame (~p1 + ~p2 = 0 = ~p3 + ~p4) and introduc-
ing the scattering angle θ for which cos θ = ~p1·~p3|~p1||~p3| one can show (using Ei = |~pi|) that
s
t = − 1sin2 θ2
, su = − 1cos2 θ2
.10 Thus the arguments of the delta-functions never vanish for
real θ, i.e. we get
Aφφ→φ∗φ∗ = 0 . (3.24)
For the φ φ∗ → φ φ∗ scattering, we find
Aφφ∗→φφ∗ =
κ−1
4
[
δ
(u
t
)
+ δ
(u
s
)]
=
κ−1
4
[
δ
(
cot2 θ2
)
+ δ
(
cos2 θ2
) ]
, (3.25)
where the two delta-functions correspond to the t-channel and the s-channel contribu-
tions, respectively. Here the arguments of the delta-functions do not vanish unless θ = pi
so that excluding this special point we get
Aφφ∗→φφ∗ = 0 . (3.26)
10In general, there may be a possible subtlety in the collinear limit when pµ1 = rp
µ
2 and one cannot go to the
c.o.m. frame but this limit requires complex momenta and its significance in the present context is unclear.
– 10 –
One may also consider the real scalar case when only the even spin currents in (2.2) are
non-vanishing and thus only the even spin CHS exchanges are contributing. Then only
the even z part of the function in (3.12), (3.22) is relevant and we get for the total four-scalar
scattering amplitude
A(R)φφ→φφ =
κ−1
8
[
δ
(u
t
)
+ δ
( s
t
)
+ δ
(u
s
)
+ δ
( t
s
)
+ δ
( t
u
)
+ δ
( s
u
)]
(3.27)
=
κ−1
8
[
δ
(
cot2 θ2
)
+ δ
(
csc2 θ2
)
+ δ
(
cos2 θ2
)
+ δ
(
sin2 θ2
)
+ δ
(
tan2 θ2
)
+ δ
(
sec2 θ2
) ]
.
Here the first two delta-functions come from the t-channel, the middle two from the s-
channel and the last two from the u-channel exchange. Here the arguments of the delta-
functions do not vanish unless θ = 0,pi and thus excluding these points we get
A(R)φφ→φφ = 0 . (3.28)
To conclude, while the individual spin s exchange contributions are nontrivial, the total
amplitude vanishes if computed with a particular prescription for summation over spins.
As we shall argue below, the vanishing of the four-scalar scattering amplitude is actually
implied by the global CHS symmetry of the theory.
4 Constraints of conformal higher spin symmetry on scalar amplitudes
We have seen that the tree-level scattering amplitude vanishes when a particular regu-
larisation is used to define the summation over all exchanged spins. The principle that
should be selecting one regularization over the other should be the preservation of under-
lying symmetries of the theory.11
The system of CHS fields coupled to massless scalar has the global CHS symmetry
which plays an analogous role to Lorentz or conformal symmetry in standard field theory.
One may thus require the consistency of a prescription of summation over spins with this
symmetry. For example, the introduction of the regularization factor ws in (3.14) may
be implemented by adding it to the CHS propagator in (3.2). This translates into the
following modification of the quadratic part of the CHS action (2.15) (see (2.13),(2.14))
SregCHS,2[h; w] =
∫
dd p
(
p2
) d−4
2 G(w−1 X, w−2 Y) h˜(p, u1) h˜(−p, u2)
∣∣∣
ui=0
. (4.1)
One may then ask if this regularized action still preserves the global CHS symmetry which
is reviewed in Appendix A.
Below we will demonstrate that the vanishing of the tree amplitude found in the pre-
vious section is actually implied by the invariance under a particular subset of global CHS
11One possible analogy is with summation over the Kaluza-Klein modes in a 5d theory compactified on a
circle. Viewed as a 4d theory it involves sum over an infinite number of KK mode contributions with manifest
symmetry being only 4d Lorentz symmetry, but the requirement of preservation of the original 5d Lorentz
symmetry should impose constraints on how one should perform the sum to recover the result found directly
in 5d.
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symmetry transformations. This provides an evidence of a consistency of the regulariza-
tion of the sum over spins used in Section 3.
Assuming that CHS symmetry is free from anomalies,12 we would like to analyze
how the global CHS symmetry of the scalar action coupled to the CHS fields constrains
the correlators (and thus the scattering amplitudes) of massless scalar fields. The global
CHS symmetry should constrain possible interaction terms in the effective action for the
scalars (with CHS fields integrated out, i.e. appearing only on internal lines). In fact,
it may prohibit any non-trivial interaction terms, i.e. may imply the vanishing of the
corresponding S-matrix.
Among the infinitely many global CHS transformations (A.7), let us consider the
“hyper-translations” (cf. (A.12)):13
δφ(x) = εµ1....µr ∂µ1 · · · ∂µr φ(x) . (4.2)
Here εµ1....µr is a constant parameter. For simplicity, let us restrict the discussion to the
case of real scalars, so that r will take only odd values. Choosing εµ1....µr proportional to
a product yµ1 ...yµr where yµ is an arbitrary vector we conclude that (4.2) implies also the
invariance under
δφ(x) = (ey·∂x − e−y·∂x)φ(x) = φ(x + y)− φ(x− y) . (4.3)
The invariance of the scalar four-point correlation function under such symmetry implies
〈φ(x1 + y) φ(x2) φ(x3) φ(x4)〉+ 〈φ(x1) φ(x2 + y) φ(x3) φ(x4)〉
+ 〈φ(x1) φ(x2) φ(x3 + y) φ(x4)〉+ 〈φ(x1) φ(x2) φ(x3) φ(x4 + y)〉
− (y↔ −y) = 0 . (4.4)
Translated to the momentum space this constraint becomes
sin(p12 · y) sin(p13 · y) sin(p14 · y) 〈φ˜(p1) φ˜(p2) φ˜(p3) φ˜(p4)〉 = 0 , (4.5)
where pij = 12 (pi + pj) and we have used trigonometric identities and momentum conser-
vation, p1 + p2 + p3 + p4 = 0 . Making special choice of the vector yµ as
yµ = a pµ12 + b p
µ
13 + c p
µ
14 , (4.6)
where a, b, c are some arbitrary parameters, and applying the condition (4.5) to the case of
the on-shell scattering amplitude of four real scalars (cf. (3.27)) we get (using that p2i = 0)
sin( 14 a s) sin(
1
4 b t) sin(
1
4 c u) A
(R)
φφ→φφ(s, t, u) = 0 . (4.7)
12Possible anomalies from loop graphs may cancel if one sums over all CHS fields. Indeed, it was demon-
strated in [2, 4] that a-coefficient of Weyl anomaly of the d = 4 CHS theory vanishes assuming a particular
prescription of summation over spins. The same may apply also to the c-coefficient of 4d Weyl anomaly
[1, 4, 5, 8]. As the Weyl symmetry is one of the CHS gauge symmetries, this is an indication that the same
may apply to all algebraic CHS symmetries.
13Here we shall ignore the trace parts: the trace parts of (4.2) correspond to the trivial symmetries (vanish-
ing on equations of motion) that will not give any useful conditions for the correlators. There is no problem
in including such symmetries back if needed.
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Since a, b, c are arbitrary, eq.(4.7) is equivalent to s t u A(R)φφ→φφ = 0 , and its solution is
given by the distribution,
A(R)φφ→φφ(s, t, u) = k1(t, u) δ(s) + k2(u, s) δ(t) + k3(s, t) δ(u) , (4.8)
with a priori arbitrary functions ki. In addition, we may use also the conformal symmetry
which is a sub-algebra of the CHS symmetry. In particular, in d = 4 the amplitude should
be invariant under the dilatation symmetry (cf. (3.27)), i.e. under the rescaling of momenta
by a real constant λ
A(R)φφ→φφ(λ
2 s,λ2 t,λ2 u) = A(R)φφ→φφ(s, t, u) . (4.9)
This condition restricts ki to be homogeneous functions of degree one. Finally, we should
impose the crossing symmetry condition, i.e. ki(x, y) = k(x, y). Using s+ t+ u = 0 (which
is implied already by the on-shell conditions used to arrive at (4.7)) we have essentially
unique choice for the homogeneity-one function k. Given that under the delta-function s
in k(t, u) = k(t,−s− t) can be set to zero for linear function we have k(t, u)δ(s) ∼ t δ(s)
but this is trivial upon symmetrization required by crossing symmetry. So we are left only
with the modulus choice: k(t, u)δ(s) ∼ |t|δ(s). Written in symmetric form we thus find
the following non-trivial solution
A(R)φφ→φφ(s, t, u) = c
[
(|t|+ |u|) δ(s) + (|u|+ |s|) δ(t) + (|s|+ |t|) δ(u)
]
, (4.10)
where c is an arbitrary overall constant. This is equivalent to the expression in (3.27)
obtained above by the direct computation of the scattering amplitude (note that |t|δ(s) =
δ( st ), etc.)
14 and thus vanishes for physical momenta apart from measure zero domain in
phase space.15
This formal argument appears to apply not only at the tree but also at the loop level
if the global CHS symmetry is not anomalous. It should also apply to the complex scalar
scattering case. As we have already seen in Section 3, the tree-level scalar amplitude
indeed vanishes (modulo delta-function terms) in a particular regularization of the sum
under spins which should thus be consistent with the CHS symmetry.
It would be interesting to directly verify this vanishing also for the full one-loop on-
shell scalar amplitude. We shall address the computation of the loop amplitude in the
next section.
5 One-loop corrections
Let us now turn attention to the quantum corrections. Here we will not compute the
full one-loop correction to four-scalar amplitude (which is expected to vanish in view of
14We thank M. Taronna for pointing out a mistake in the above argument in an earlier version of this paper.
15Because of s+ t+ u = 0 there are several possible expressions that reduce to (4.10). We can consider
three different cases: (i) none of s, t, u vanishes; (ii) only one of them vanishes; (iii) two of them (and thus also
the third) vanish. In the first case the amplitude is zero because of the delta-functions and in the third case
– because of the prefactors. In the only non-trivial second case we get the expression equivalent to (4.10) or
(3.27).
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the symmetry argument in the previous section) but address only the question about UV
singular part of the amplitude. We shall consider the case of dimension d = 4.
In 4d scalar QED, the four-scalar one-loop amplitude contains logarithmic UV diver-
gence coming from loop diagrams with spin-one propagators, and similar divergences
are expected in each conformal higher spin loop. One may ask if these divergences may
go away after one sums over all spins, i.e. if four-scalar one-loop S-matrix is UV finite in
the model of massless scalar coupled to CHS theory. Below we shall address this question
by explicitly calculating such UV divergence.
Since the only coupling constant κ in this theory (2.1),(2.6),(2.15) is dimensionless on
dimensional grounds the only possible logarithmic UV divergence in the on-shell effective
action is proportional to the local term
∫
d4x (φ∗φ)2. In order to compute the coefficient of
this term in the one-loop effective action it is sufficient to consider the background field
φ to be constant, i.e. to assume that the external legs in four-scalar one-loop amplitude
are taken at zero momentum (which is a particular on-shell point in a massless scalar
theory, so the result should be gauge-independent). Henceforth we shall focus only on
the amplitudes with vanishing external momenta.
5.1 Diagrams contributing to four-scalar scattering amplitude
Box diagram
k k
k
k
hs
hs′
↓↑
→
←
Figure 3. Box diagram with vanishing external momenta
Let us first consider the box diagram in Fig.3 which involves two scalar propagators
and two CHS propagators. Let us recall that the CHS propagator (3.2) is proportional to
the transverse-traceless (TT) projector Pµ1···µsν1···νs (k) satisfying
kµ1 P
µ1···µs
ν1···νs (k) = 0 = ηµ1µ2 P
µ1···µs
ν1···νs (k) . (5.1)
When all external momenta vanish, the only non-vanishing momentum in the box dia-
gram is the internal momentum k, and Ps(k) of spin s CHS propagator will be necessarily
contracted with k making the diagram vanish. Therefore, the only non-vanishing contri-
bution to the local counterterm (φ∗φ)2 may come only from the diagram with s = s′ = 0 ,
i.e. from the contribution of the “non-propagating” spin 0 member of the CHS tower (with
free action
∫
d4x(h0)2, cf. (2.16)), and is given by
A(1)Box =
(n0
κ
)2
I(Λ) . (5.2)
– 14 –
Here ns is given in (3.4) and I(Λ) is the standard UV divergent loop integral,
I(Λ) =
∫ Λ d4k
(k2)2
. (5.3)
CHS bubble diagram
Figure 4. Bubble diagram in scalar QED
The fact that the box diagrams with spin s ≥ 1 exchanges do not give any contribu-
tion to UV divergence is similar to the scalar QED case where the UV divergence arises
only from the bubble diagram (Fig.4) with two AµAµ φ∗φ vertices. In the present case of
the scalar coupled to CHS theory, we do not have higher order contact scalar interactions
O(h2, φ2) in the action (1.6). Hence, one might think that no one-loop bubble diagrams
can induce (φ∗φ)2 term in the effective action because none of them are 1-PI. However, the
usual distinction between 1-PI and non-1-PI diagrams does not formally apply in d = 4
CHS theory due to the presence of non-propagating s = 0 field which has the (h0)2 kinetic
term (see (2.16)). It turns out that the diagrams in Fig.5 (where the h0 lines there are effec-
tively shrunk to a point and hs loops include also the contributions of the corresponding
ghosts) do produce zero-momentum (φ∗φ)2 terms. We shall return to the analysis of these
h0 h0
hs
hs′
h0 h0
hs
Figure 5. Diagrams contributing to (φ∗φ)2
contributions in section 5.3.
Charge renormalisation diagrams
The “charge renormalization” diagrams involving the one-loop correction to the hs φ∗ φ
vertices may also contribute to the (φ∗ φ)2 contact term through the h0 internal line (see
Fig.6).
As in the case of the box diagram, here again the only non-trivial diagrams with con-
stant external scalars are the ones which involve only s, s′ = 0 internal lines. Moreover, it
follows from dimensional analysis that the there is no h03 vertex in the CHS action so that
the only non-vanishing contribution comes from the first diagram in Fig.6 with s = 0. Its
contribution is given by
A(1)charge ren. =
(n0
κ
)2
I(Λ) . (5.4)
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hs
h0 hs′
hs
h0
Figure 6. Charge renormalization diagrams
Scalar bubble diagram
Finally, there is also a possible contact (φ∗φ)2 contribution from the non 1-PI diagram with
scalar loop and non-propagating h0 field in Fig.7. We find
h0 h0
Figure 7. Non 1-PI diagram with scalar loop
A(1)scalar bubble = Nφ
(n0
κ
)2
I(Λ) , (5.5)
where for generality we included the factor Nφ of the number of massless scalars (in the
discussion above we had Nφ = 1).
5.2 Equivalent approach: integrating out h0 first
The fact that h0 is non-propagating allows one to treat it as an auxiliary field, i.e. integrate
it out ending up with a local action for the remaining fields φ and hs≥1 . The price is getting
new interaction vertices.
• First, the CHS action itself will be modified. Since the h0 equation is of the form
h0 = O(h2s≥1) , we get additional vertices at quartic or higher orders. These will not,
however, contribute to the four-scalar scattering at the one-loop order.
• The presence of φ∗φ h0 coupling in (2.6) implies that, after solving for h0, the mass-
less scalar scalar action acquires the self interaction vertex (φ∗φ)2. As a result, there
will be extra diagrams in Fig.8 contributing to the four scalar scattering. These are,
of course, equivalent to the s = s′ = 0 diagram in Fig.3, the first diagram with s = 0
in Fig.6 and the diagram in Fig.7 with all h0 lines shrunk to a point.
• Finally, there will appear additional interaction vertices between φ and hs≥1, notably,
the vertices of type h2 φ2 and h2 φ4 (see Fig.9). These lead to extra one-loop diagrams
in Fig.10, which again are equivalent to the diagrams in Fig.5 with h0 lines shrunk
to a point.
In this approach, with h0 integrated out first, all UV divergences of the four-scalar scatter-
ing amplitudes come from two types of 1-PI diagrams: the one (Fig.8) involving φ-loops
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Figure 8. One-loop diagrams with (φ∗φ)2 vertices (broken or open lines indicate the origin of these
diagrams in relation to diagrams in Figs. 3, 6, 7).
hs
hs′
hs hs′
Figure 9. Higher order contact vertices
hs
hs′
hs
Figure 10. One-loop diagrams with h2 φ2 and h2 φ4 vertices
and the other one (Fig.10) involving hs-loops (where in general one is also to add ghost
loop contributions):
A(1)tot = A
(1)
φ−loop + A
(1)
hs−loop . (5.6)
The former contributions were already given in (5.2),(5.4) and (5.5) and thus we find,
symbolically,
A(1)φ−loop = (1+ 1+ Nφ)
(n0
κ
)2
I(Λ) . (5.7)
The dependence on Nφ makes it clear that A
(1)
φ−loop cannot be canceled by A
(1)
hs−loop since
the latter is independent of Nφ .
Thus for generic value of Nφ the one-loop four scalar scattering amplitude will have
a UV divergence, i.e. the amplitude will not vanish contrary to what happened at the
tree level. This may not be in contradiction with the CHS global symmetry argument of
Section 4 because scalar loop contributions may render the CHS symmetry anomalous.
One possible approach is to treat the scalar φ field as an external only, i.e. to ignore
all diagrams with φ scalar loops altogether. It is then of interest to see if the contributions
the remaining diagrams with CHS loops only in Fig.10 may vanish when summed over
all spins. This will be addressed in the next subsection.
5.3 Divergent part of one-loop CHS effective action in constant h0 background
Let us now consider the diagrams in Fig.5 (or equivalently those in Fig.10) where the
external scalar field φ lines are taken at zero momentum (so that same applies to h0 lines
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in Fig.5). The UV divergent contribution from the diagrams in Fig.5 takes the form
cCHS
(n0
κ
)2
I(Λ)
∫
d4x (φ∗ φ)2 , (5.8)
where the coefficient cCHS encodes the contributions from infinitely many CHS field loops
(Fig.10). Equivalently, this constant appears in the UV divergent h0 dependent part of the
one-loop effective action of the CHS theory
Γ(1)div [ h0] = cCHS I(Λ)
∫
d4x (h0)2 . (5.9)
On general grounds, the CHS theory SCHS = κ
∫
d4x(h20 + F
2
µν + C2µνλρ + ....) having di-
mensionless coupling constant should be renormalizable (the gauge symmetries fix the
local action uniquely) and thus the same cCHS logΛ one-loop coefficient should appear in
front of the (linearised) Weyl tensor term if spin 2 background is turned on in addition
to h0 in (5.9). Then cCHS should be the same as the conformal anomaly c-coefficient of the
CHS theory. The conformal anomaly a-coefficient of the CHS theory (corresponding to
topological Euler number divergence in the effective action) was found in [2, 4, 5] to van-
ish if a natural regularization for summation over all spins is used. The same vanishing
was found also for the total c-coefficient [1, 4, 8] under the assumption that contributions
to conformal anomaly from higher derivative CHS operators on Ricci flat background fac-
torize. One may thus expect that total cCHS coefficient of the UV divergent h20 term in (5.9)
should also vanish.
To check this let us directly evaluate the logarithmically divergent part of the one-
loop effective action of CHS theory assuming that the only non-trivial background is the
constant spin 0 field h0 . To compute cCHS from the diagrams of Fig.10 we need to take into
account both the “physical” (gauge-fixed) field loop and the ghost loop contributions, i.e.
cCHS = c
ph
CHS + c
gh
CHS . (5.10)
5.3.1 Physical field loop contribution
Let us first consider the loop diagrams involving physical fields. There are two types of
h0 h0
hs
hs′
h0
h0
hs
Figure 11. CHS effective action in h0 background
1-PI diagrams in Fig.11 and their evaluation requires the knowledge of h0 hs hs′ and h0
2 hs2
vertices. These vertices can be represented in momentum space as
h0
hs
hs
= κ h˜0(0)Cs(k, ∂u1 , ∂u2) h˜s(k, u1) h˜s(−k, u2)
∣∣
ui=0
, (5.11)
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h0
h0
hs
hs
= κ (˜h0(0))2 Qs(k, ∂u1 , ∂u2) h˜s(k, u1) h˜s(−k, u2)
∣∣
ui=0
. (5.12)
Here the two functions Cs and Qs encode all tensor structures:
Cs(k, ∂u1 , ∂u2) = cs (k
2)s−1 (∂u1 · ∂u2)s + ... , Qs(k, ∂u1 , ∂u2) = qs (k2)s−2 (∂u1 · ∂u2)s + ... .
(5.13)
Here dots stand for terms involving at least one trace or one divergence of a field so that
they drop out in the traceless and transverse gauge that we shall assume. For the same
reason we can consider only h0 (hs)2 vertices instead of more general h0 hs hs′ ones because
the latter necessarily contain a trace or divergence.
Using the vertices (5.13) we get, respectively, for the left and the right diagram in
Fig.11
I1 =
1
4
(ns
κ
)2 ∫
d4k
κ Cs(k, ∂u1 , ∂u2) κ Cs(k, ∂v1 , ∂v2)Ps(k, u1, v1)Ps(k, u2, v2)
(k2)2s
∣∣∣∣
ui=vi=0
,
I2 =
1
4
ns
κ
∫
d4k
κ Qs(k, ∂u1 , ∂u2)Ps(k, u1, u2)
(k2)s
∣∣∣∣
ui=0
, (5.14)
where we have used the propagator (3.2) involving the traceless and transverse projector
Ps. After removing the auxiliary variables ui and vi (which amounts to the contraction of
all the indices) and performing the k-integral (which reduces to the UV divergent term
(5.3)), we obtain
I1 = 14 (2s + 1) (ns cs)
2 I(Λ) , I2 = 14 (2s + 1) ns qs I(Λ) . (5.15)
Here the factor 2s + 1 comes from the trace of the projector Ps (this is the dimension of
the symmetric rank s representation of so(3) which is the traceless and transverse part of
4d Lorentz tensor). The cubic (5.11) and quartic interactions (5.12), or equivalently the
coefficients ns cs and ns qs in (5.15) can be extracted from the CHS action. This is done in
Appendix B and with the result being
ns cs = −4
(
s + 12
)
, s ≥ 1 ; ns qs = 8
(
s + 12
) (
s− 12
)
, s ≥ 2 . (5.16)
Finally, using the above expressions, we obtain
cphCHS = 23
∞
∑
s=1
(
s + 12
)3
+ 22
∞
∑
s=2
(
s + 12
)2 (s− 12) . (5.17)
The sum over spins is formally divergent and thus requires an appropriate definition or
regularization to be discussed below.
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5.3.2 Ghost loop contribution
To find the ghost contribution corresponding to the traceless transverse gauge let us con-
sider the gauge symmetries of the classical CHS action. Since we are interested in comput-
ing the one-loop ghost contribution in a constant h0 background, it is sufficient to consider
the classical CHS action to quadratic order in all s > 0 fields, i.e. with h0-dependent ki-
netic operator
SCHS =
∫
d4x 〈h|K(h0)|h〉 , (5.18)
where 〈·|·〉 stands for the contraction of indices. When the background h0 is turned off,
the operator K reduces to that of the free CHS theory. The above action is invariant under
the following gauge transformation (cf. Appendix A)
δe,α h = u · ∂x e+
[
u2 − h0 F (∂u, ∂x)
]
α , (5.19)
where the gauge fields and parameters can be chosen to be doubly-traceless and traceless,
respectively, without loss of generality. The h0 dependent part of gauge transformation is
given with the operator F (∂u, ∂x) = Πd(∂u, ∂x)Π−1d+4(∂u, ∂x) . In the following, we shall
gauge fix the CHS field h to traceless and transverse one by making use of the transfor-
mation (5.19).
First, using the α part of the transformation (5.19), we can gauge fix the trace of h to
zero. This step does not introduce any ghost (since the transformation is algebraic) but
modifies the residual gauge transformation to the form
δe h = T(h0, e) = PT [u · ∂x − h0 G(∂u, ∂x)] e , (5.20)
where PT is the traceless projector and the precise form of G(∂u, ∂x) is given in Appendix
C. Due to the tracelessness of the parameter e the gauge transformation (5.20) remains
linear in h0 even after this traceless gauge fixing.
Second, using the remaining transformation (5.20), we can make the traceless field
h also transverse. This step involves differential part of the gauge transformation which
gives rise to a non-trivial Jacobian. The latter can be represented by an appropriate ghost
contribution (see Appendix C), with the ghost action being
Sgh =
∫
d4x 〈c¯|Kgh(h0)|c〉 , (5.21)
Kgh(h0) = ∂x · ∂u δT(h0, e)δe = ∂x · ∂u PT [u · ∂− h0 G(∂u, ∂x)] . (5.22)
The crucial observation is that by shifting appropriately the ghost fields c one can com-
pletely eliminate all h0 dependence. This is to be done spin by spin, starting with the
lower spin, so that each ghost field is shifted once and then left alone. It is important to
note that the existence of this redefinition is due to an additional divergence term in the
operator of gauge transformation. The gauge transformation itself cannot be redefined in
such a way that it becomes independent of h0 . The details of this argument are given in
Appendix C.
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We thus conclude that the CHS ghosts do not couple to a constant h0 background,
and hence
cghCHS = 0 . (5.23)
5.3.3 Summing over spins
The final expression for the coefficient of the divergent h20 term in the CHS action may
thus be written as (see (5.9),(5.10),(5.17),(5.23))
cCHS = −5+ 4
∞
∑
s=0
[
3
(
s + 12
)3 − (s + 12)2] . (5.24)
As was mentioned above, this coefficient should be expected to be proportional to the
conformal anomaly c-coefficient of the CHS theory. The expression for the latter was
found to vanish [4, 5, 8] provided the sum over spins is defined using the e−(s+α) e cutoff
with α = 12 just as in the similar vanishing of the a-coefficient [2, 4].
16 The same cutoff
factor e−(s+αd)e appeared in (3.15) with αd = d−32 =
1
2 in d = 4. Using such exponential
cutoff e−(s+α) e in (5.24) and dropping all singular terms we get
cCHS(α) = 130
(
90 α4 − 140 α3 + 75 α2 − 15 α− 152) , (5.25)
which does not, however, vanish for a rational value of α .
The meaning of this observation is unclear at the moment. One possibility is that
(5.24) is missing some contributions making it different from the conformal anomaly c-
coefficient discussed in [1, 4, 8]. Indeed, the CHS spin s field conformal anomaly coeffi-
cients are 6-th order polynomials17 while the summand in (5.24) is only cubic polynomial
in s. At the same time, the partial spin s contributions to h20 and C
2
µνκλ divergent terms in
the CHS action need not match: what is expected to be the same is only the total summed
over spins coefficients.
Another possibility is that while cCHS in (5.24) is not related to the conformal anomaly
c-coefficient its still determines the UV divergent part of the CHS loop contribution to the
four-scalar amplitude. In that case to resolve the regularization ambiguity it would be
important (as in the tree-level amplitude case in (3.14)) to keep the external momentum
non-zero (which would play, e.g., the role of z in (3.19)).18 Equivalently, it would be desir-
able to repeat the calculation of the CHS effective action in a non-constant h0 background.
16The computation of the one-loop conformal anomaly c-coefficient in the CHS theory is based on two as-
sumptions: (i) the CHS action obtained as an induced action in near-flat space expansion can be reformulated
(using a field redefinition) in such a way that at least quadratic kinetic terms in generic curved metric back-
ground are reparametrization and Weyl invariant; (ii) the higher derivative kinetic operators D2s + ... – while
not factorizing, in general, into products of D2 + ... operators in a Ricci-flat background [27] (as they do in AdS
or sphere background) – still contribute to c-anomaly in the same way as if they do factorize (the terms with
derivatives of the curvature tensor that obstruct factorization cannot contribute to C2µνκλ conformal anomaly
on dimensional grounds).
17Explicitly, as = 1720νs(3νs + 14ν
2
s ) [2, 4] and cs − as = 1720νs(4− 45νs + 15ν2s ) where νs = s(s + 1).
18In the case of the one-loop partition function of the massless higher spin theory in AdS it was noticed [5]
that a consistent result can be obtained by first summing over spins and then removing the UV cut-off. In our
case as well, first summing over the spins and then sending momentum p to zero may lead to more sensible
result than first setting momentum to zero and then summing over spins.
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6 Concluding remarks
The d = 4 conformal higher spin theory having vanishing total coefficients of the confor-
mal anomaly (and thus possibly of all higher symmetry anomalies) is a potentially con-
sistent quantum theory of an infinite tower of higher spin fields having a large amount
of symmetry. While apparently non-unitary due to higher derivatives in the s > 1 ki-
netic terms this theory has a well-defined formulation in flat space background and thus
deserves a detailed investigation.
Here we have studied the scattering amplitudes for a massless conformal scalar φ
coupled to CHS theory. The four-scalar tree-level amplitude is given by the exchange
of the whole tower of CHS fields. We have found that under a natural prescription of
summation over spins the resulting tree level amplitude vanishes for generic physical
momenta. This vanishing turns out to be in agreement with the expectation based on
global extended conformal symmetry.
We also addressed the extension of this computation to one-loop order. We consid-
ered only the simplest case of vanishing external scalar momenta. The one-loop diagrams
contributing to the four-scalar scattering are of two types: (i) involving internal scalar
propagators (i.e. scalar loops), and (ii) involving only CHS field loops. The former are
potentially anomalous (scalar loop in external CHS background has, in particular, a non-
vanishing Weyl anomaly) and thus the symmetry argument of section 3 about the van-
ishing of the total amplitude due to global CHS symmetry need not apply. We have thus
concentrated on the CHS loop contributions only. The expectation is that the coefficient
cCHS of the UV divergent term in the zero-momentum amplitude (or of the (φ∗φ)2 term in
the effective action) should be the same as the conformal anomaly c-coefficient and should
thus vanish after summation over all spins. The expression for cCHS we have found does
not vanish however and that issue requires further investigation. It would be important,
in particular, to clarify the precise relation between the coefficient cCHS found in section 5
and the conformal anomaly c-coefficient.19
It would be interesting also to apply the methods of the present paper to the computa-
tion of the tree and one-loop S-matrix for the CHS fields themselves (e.g., Maxwell vector
and Weyl graviton). That may provide further evidence for the existence of a consistent
regularization of the sum over spins and may also shed some light on the (non)unitarity
issue.
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A Review of global CHS symmetry
Let us review the origin of the global CHS symmetry and its action on the free scalar and
CHS fields following [16, 17].
Transformation of massless scalar field
The massless scalar action (2.1) may be written in the following operator representation
Sfree[φ] = 〈φ| pˆ2 |φ〉 , (A.1)
where φ(x) = 〈x|φ〉 and pˆµ = i ∂µ . To find the maximal symmetries of this action we
consider the most general transformation linear in φ . In the operator formulation, it reads
δ |φ〉 = i tˆ |φ〉 , (A.2)
where tˆ is an arbitrary polynomial in xˆ and pˆ, i.e. a differential operator acting on φ(x) .
The condition that it preserves the action (A.1) is
pˆ2 tˆ = tˆ† pˆ2 . (A.3)
This defines the maximal symmetries of conformal scalar action up to the trivial ones
δφi = Cij(φ)
δSfree
δφj
, Cij = −Cji , (A.4)
which are proportional to the equations of motions, i.e. vanish on-shell. Such trivial
transformations correspond in the case of (A.1) to the operator of the form
tˆ = rˆ pˆ2 , rˆ† = rˆ , (A.5)
with rˆ an arbitrary hermitian factor. The set of operators tˆ satisfying (A.3) modulo (A.5)
defines the global CHS symmetry that acts on conformal scalars as in (A.2).20
A convenient way to treat the operators is by using the Wigner-Weyl correspondence
(see, e.g., appendix A in [17]). Then we can map the operator tˆ to a phase-space function
t(x, p) = e(x, p) + i a(x, p) ≡ (e, a) , (A.6)
20 In fact, the global CHS symmetry in d dimensions is nothing but the Vasiliev’s HS algebra in (d + 1)
dimensions. The typical formulation of Vasiliev’s HS algebra involves differential operators in (d + 2)-
dimensions, while here we formulated it in terms of differential operators in d-dimensions. The reason for
the existence of the two descriptions is the fact that the conformal scalar in d-dimension can be formulated
in (d + 2)-dimensions where the role of pˆ2 is played by the three operators Xˆ2, 2(Xˆ · Pˆ + Pˆ · Xˆ), Pˆ2, which
form an sp(2,R) algebra. See [28] for a recent overview of the HS algebra.
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and all operator products become Moyal products. In this formulation the conformal
scalar transforms as
δφ(x) = e−
i
2 ∂x2 ·∂u t (x1, u) φ(x2)
∣∣∣
x1=x2=x
u=0
, (A.7)
where the conditions on tˆ in (A.6) to represent the CHS symmetry are
p · ∂x e− (p2 + ∂2x)a = 0 , (A.8)
(e, a) ∼ (e, a) + ((p2 + ∂2x) r , p · ∂x r) . (A.9)
The algebraic structure is induced from the operator product as (here the commutators in
the r.h.s. are defined using the Moyal ? product)[ (
e1 , a1
)
, (e2 , a2)
]
=
(
[ e1 ?, e2 ]− [ a1 ?, a2 ] , [ e1 ?, a2 ] + [ a1 ?, e2 ]
)
. (A.10)
The global CHS symmetry contains the conformal algebra with generators
Pµ = (pµ, 0) , Mµν = (x[µ pν], 0) , Kµ = (xµ x · p, xµ) , D = (x · p, 1) , (A.11)
and also other higher spin generators, for example, the generators of hyper-translations
Pµ1...µr = (p{µ1 ...pµr}, 0) , (A.12)
where {...} indicates the subtraction of all traces.
Transformation of CHS fields
The above symmetry may be also considered as a global part of the gauge symmetry
acting on the CHS fields. It will then be a symmetry of the action of the free scalars
coupled to the CHS fields as in (2.6).
The action of this conformal higher spin symmetry on the CHS fields becomes more
transparent in the so-called dressed formulation [16], where one uses a different set of
CHS fields h(x, u) which related to the original one (2.7) by
h(x, u) = Πd(∂u, ∂x) h(x, u) , (A.13)
where Πd was defined in (2.5) (see [17] for details). The CHS action (2.15) then becomes a
non-diagonal functional
SCHS[h] =
∫
ddx U d−3
2
(
(∂x12 · ∂u12)2 − ∂2x12 ∂2u12
)
h(x1, u1) h(x2, u2)
∣∣∣
x1=x2=x
u1=u2=0
+O(h3) , (A.14)
where Uν(z) = (
√
z/2)−ν Jν(
√
z/2) (Jν is a Bessel function). The advantage of working
with h is that the CHS gauge symmetry takes a simple form
δ h = [ e ?, u2 + h ] + { a ?, u2 + h } = δ(0)h+ δ(1)h , (A.15)
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where ? acts on the space of functions in x and u . δ(0) and δ(1) are respectively h-independent
and h-linear parts, and the gauge parameters are related to those in (2.9) by
e(x, u) = Πd+2(∂u, ∂x) e(x, u) + (∂x · ∂u) Πd+2(∂u, ∂x) 12(d− 1) + 4 u · ∂u α(x, u) ,
a(x, u) = Πd+4(∂u, ∂x) α(x, u) . (A.16)
The field-independent part of the transformation reads
δ(0)h = u · ∂x e+
(
u2 − 14 ∂2x
)
a . (A.17)
This coincides with the l.h.s. of (A.8) and the equivalence relation (A.9) can be interpreted
here as a ”gauge for gauge” symmetry,
δe =
(
u2 − 14 ∂2x
)
r , δa = −u · ∂x r . (A.18)
Hence for the special parameter (e, a) = (e, a) satisfying δ(0)h = 0 (which can be inter-
preted as the conformal Killing equation (A.8)) the CHS action (A.14) is invariant under
δ h = [ e ?, h ] + { a ?, h } . (A.19)
This defines the action of the global CHS symmetry on the CHS fields. Since it acts linearly,
it preserves all different hn-parts of the CHS action separately; in particular, it leaves its
quadratic part in (A.14) invariant.
The interaction (2.6) between the CHS fields h and the conformal scalar (with currents
written in the un-dressed form, cf. (2.3),(2.8))
Sint[φ, h] =
∫
ddx h(x, ∂u) J(x, u)
∣∣
u=0 , (A.20)
is also invariant under the global CHS symmetry. This becomes manifest by writing it in
the operator form as
Sint[φ, h] = 〈φ| hˆ |φ〉, (A.21)
where hˆ is the operator corresponding to the symbol h(x, p) .
B Cubic and quartic vertices in the CHS action involving constant h0 field
Let us start with recalling that given the heat kernel expansion for the massless scalar
kinetic operator in conformal higher spin background,
Tr
[
e−t( pˆ
2+hˆ)
]
=
∞
∑
n=0
tn−2 an[h] , (B.1)
the local CHS action in d = 4 can be defined as the second Seeley coefficient (i.e. as the
coefficient of the logarithmic UV divergence in the induced action)
SCHS[h] ∝ a2[h] . (B.2)
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Let us separate the spin-0 part of CHS field h0 from the rest of the fields h′ :
h(x, u) = h0(x) + h′(x, u) . (B.3)
Here h(x, u) is defined in (2.7),(A.13) (the distinction between h(x, u) and h(x, u) will not
be important in traceless transverse gauge). Then restricting h0 to be constant one obtains
an[h] =
∞
∑
m=0
(−1)m
m!
(h0)
m an−m[h′] . (B.4)
In particular,
a2[h] = a2[h′]− h0 a1[h′] + 12 (h0)2 a0[h′] +O(h30) . (B.5)
The heat kernel coefficients an were calculated in [17] up to quadratic order in h ,
a2+m[h] =
∫ d4x
(4pi)2
√
pi
8
( 1
2∂
2
x12
)m Um+ 12 ((∂x12 · ∂u12)2 − ∂2x12∂2u12)
× h(x1, u1) h(x2, u2)
∣∣∣
x1=x2=x
u1=u2=0
+O(h3) , (B.6)
a1−m[h] =
∫ d4x
(4pi)2
[
δm,1 +
( 1
4 ∂
2
u
)m
h(x, u)
∣∣∣
u=0
+
√
pi
8 Vm(∂x12 , ∂u12) h(x1, u1) h(x2, u2)
∣∣∣
x1=x2=x
u1=u2=0
+O(h3)
]
, (B.7)
where
Vm(∂x, ∂u) =
( 1
4 ∂
2
u
)m+1 ∞∑
k=0
( 18 ∂2x ∂2u)
k
Γ(k+m+2) Uk+ 12
(
(∂x · ∂u)2
)
, (B.8)
and Uν(z) is the same as in (A.14), i.e.
Uν(z) =
(√
z
2
)−ν
Jν
(√
z
2
)
=
∞
∑
m=0
1
m! Γ(ν+m+1) 2ν
(− z16)m . (B.9)
As a result, the CHS Lagrangian depending on constant h0 and traceless and transverse h′
and written in momentum space reads (h(x)→ h˜(p))
L˜CHS[h] ∝
∞
∑
s=0
[
1− 4
p2
(
s + 12
)
h˜0(0) +
8
p4
(
s + 12
) (
s− 12
) (
h˜0(0)
)2
+O (h˜30) ]
×
(
p2
)s
h˜s(p, ∂u) h˜s(−p, u)
23s Γ(s + 32 )
+O (h˜′3) , (B.10)
where h˜s(p, u) = 1s! h˜µ1...µs(p)u
µ1 ...uµs . Here the non-local terms with negative powers of
p2 should be discarded. Hence the cubic h0 h2s terms start from s = 1 where as the quartic
h20 h
2
s terms start from s = 2 .
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C Gauge fixing and ghost action
In this Appendix we shall discuss the ghost action corresponding to the traceless trans-
verse gauge on CHS fields.21 As we have shown in Appendix A, the CHS gauge symmetry
takes a more concise form (A.15) in “dressed” basis of fields (defined by (A.13),(2.5), (2.7)).
It is thus more convenient to fix the gauge in that basis. After all, in the transverse trace-
less (TT) gauge we will use, the two bases become equivalent : h(x, u)|TT = h(x, u)|TT . In
addition, the scalar parts coincide with each other, h0 = h0, independently of the gauge
choice.
Restricting to the case where the only non-trivial background is constant h0 , the sym-
metry transformation (A.15) reduces to the form,
δ h(x, u) = u · ∂x e(x, u) +
(
u2 − 14 ∂2x + h0
)
a(x, u) , (C.1)
where the fields h are doubly-traceless while the parameters e and a are traceless. We first
gauge fix h to be traceless utilizing the algebraic part of the symmetry (C.1) generated by
a . Let us note that this gauge fixing requires in principle a finite transformation rather
than an infinitesimal one. In fact, the transformation (C.1) is symmetry of the classical
action (5.18) even for finite parameters due to its quadratic nature. Imposing ∂2u(h+ δh) =
0 , we get the relation between a and e as
a(x, u) = − 1
2(2+ u · ∂u) ∂x · ∂u e(x, u) , (C.2)
and the traceless CHS fields transform now as δ h = T(h0, e) with
T(h0, e)(x, u) = PT
(
u · ∂x +
1
4 ∂
2
x − h0
2(2+ u · ∂u) ∂u · ∂x
)
e(x, u) . (C.3)
Here, PT is the traceless projector which is PT = 1− u
2(∂u)2
4(s−2)+2d+u2(∂u)2 when acting on a spin
s tensor.
Next, let us further gauge fix the traceless CHS field to make it also transverse by
using the transformation (C.3). Following the standard Faddeev-Popov procedure, this
step of transverse gauge-fixing introduces the ghost action
Sgh =
∫
d4x
〈
c¯
∣∣ ∂x · ∂u δT(h0, e)
δ e
∣∣ c〉
=
∫
d4x
∞
∑
s=0
〈
c¯s
∣∣ ∂x · ∂u PT(u · ∂x∣∣cs〉+ 14 ∂2x − h02(s + 3) ∂u · ∂x ∣∣cs+2〉) . (C.4)
Here c(x, u) = ∑∞s=0 cs(x, u) with cs(x, u) =
1
s! cµ1···µs(x) u
µ1 · · · uµs is the generating func-
tion for the ghost fields and 〈a|b〉 = 1s! aµ1···µs bµ1···µs is the index contraction. Since the
gauge parameter e is traceless, the ghost c and antighost c¯ are both traceless.
21A discussion of an alternative gauge leading to simple gauge-fixed action for free conformal higher spin
fields in flat space and the corresponding ghost fields may be found in ref.[29].
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For further analysis, we decompose the ghost c into traceless transverse (TT) compo-
nents as
cs(x, u) = PT
s
∑
r=0
(u · ∂x)s−r cs,r(x, u) , ∂2u cs,r = 0 = ∂x · ∂u cs,r . (C.5)
By plugging this decomposition for cs and cs+2 into the action (C.4), one can observe that
the first two TT components cs+2,s+2 and cs+2,s+1 of cs+2 drop out in the summand. We
thus end up with
Sgh =
∫
d4x
∞
∑
s=0
s
∑
r=0
〈
c¯s
∣∣ ∂x · ∂u PT (u · ∂x)s+1−r(∣∣cs,r〉+ ks,r( 14 ∂2x − h0)∂2x ∣∣cs+2,r〉) , (C.6)
where
ks,r =
(s− r + 2)(s + r− 3)
4(s + 2)(s + 3)
. (C.7)
As follows from (C.6), one can thus completely remove the h0 dependence in the ghost
action by the ghost field redefinition
c′s,r = cs,r + ks,r
( 1
4 ∂
2
x − h0
)
∂2x cs+2,r . (C.8)
For a fixed r , this redefinition acts as a matrix which changes the value of s . Since the
form of this matrix is an upper triangular one with the identity diagonal elements, the
corresponding Jacobian is simply one. The conclusion is that the ghost determinant con-
tribution is trivial, i.e. does not depend on h0.
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